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Let F be a p-adic field. I f  n is a natural number relatively prime top, then all the 
irreducible n-dimensional Galois representations are parametrized by admissible 
characters. This parametrization is used to determine which of these characters are 
real-valued, and among the real-valued representations to distinguish the orthogonal 
representations from the symplectic representations. 0 1984 Academic Press, Inc. 
Let F be a p-adic field (i.e., a finite extension of Q,,), and let F be the 
algebraic closure of F. If n is a natural number relatively prime top, then the 
irreducible n-dimensional (complex) representations of r, = Gal(F/F) are 
parametrized by admissible characters of finite order of extensions E/F of 
degree n. (See [H] for the definition of an admissible character, and [KZ] or 
[M] for a proof of the stated result.) The purpose of this note is to determine 
which of these representations have real-valued characters, and among the 
real-valued representations to distinguish the orthogonal from symplectic 
representations. We shall follow, unless otherwise stated, the notation 
in [Ml. 
THEOREM 1. Let E/F be an extension of degree n relatively prime to 
p # 2, and let 8 be an admissible character of EX with respect to F of finite 
order. The irreducible representation oe = IndE,F 0 has a real-valued 
character precisely when there is an intermediate extension E* between F 
and E such that 
(a) E/E, is quadratic, 
(b) OK = 8, where r, t = r, u r, g. 
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Additionally, CT, is orthogonal or symplectic according to whether the 
restriction t& is trivial or non-trivial. * 
When p = 2, we have 
THEOREM 2. Let E/F be an extension of odd degree n, and let 8 be an 
admissible character of EX with respect to F offinite order. The irreducible 
representation oe = Inc& 0 has a real-valued character exactly when 0 is 
real-valued. 
Both theorems will be proved from some elementary lemmas in group 
theory and class-field theory. 
Let G be a finite group, and let u be an irreducible (complex) represen- 
tation of G with character X,. We recall (e.g., Sect. 13 in [S]) that 
when u is orthogonal 
when X, is not real-valued 
when u is symplectic. 
LEMMA 1. Let H be a normal subgroup of G of odd index, and 5 an 
irreducible representation of H which induces irreducibly to G. The 
irreducible representation u = Indg z is an orthogonal, non real-valued, or 
symplectic representation precisely when z is an orthogonal, non real-valued, 
or symplectic representation. 
Proof: The lemma is a consequence of the above formula and the 
Frobenius formula for an induced character. 
LEMMA 2. Let H be a subgroup of G of index 2, and let G = H U Hg. If 
X, is a non real-valued character of H which induces irreducibly to a real- 
valued character of G, then Xq = x,. 
Proof Frobenius reciprocity. 
LEMMA 3. Let H be an arbitrary subgroup of G, and let X, be an 
irreducible real-valued character of H. If u = Indg t is irreducible, then it is 
orthogonal or symplectic according to whether z is orthogonal or symplectic. 
Proof (Feit). It is enough to show that if r is symplectic, then u is also 
symplectic. The restriction of u to H contains r exactly once; consequently, u 
cannot be realized over R and so it must be symplectic. 
LEMMA 4. Let F be a local field, and E/F a quadratic extension. Let 
F, = F, V F, g, and suppose 0 is a one-dimensional character of F, which 
induces irreducibly to F, and is such that 19~ = 0. Then, the representation 
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O, = Ind,,, 8, which has a real-valued character, is orthogonal when 8 jFX is 
trivial and symplectic otherwise. 
Proof: We can view 0 as a character of EX. The relation 19~ = 0 tells us 
that 8 IN+ is trivial. Let Art,,,: rP/rE + F”/N,,FE” be the Artin map. 
Since NE,FEX has index 2 in FX, the restriction 6’],, is trivial or non-trivial 
precisely when B(Art,&g)) is 1 or - 1. Let K be the class-field of E 
associated to the kernel of 8. K is a normal extension of F, and crO factors to 
a representation of I’,/r,. An application of the Frobenius formula for an 
induced character yields 
,rF;rK, ,,z,r, XoB(h2) = ‘4A%,Ag2)). 
The commutativity of cup-products with restriction says that d(Art,,,(g2)) = 
BI,, (Art&g)), and so rre is orthogonal if and only if 191~~ is trivial. 
Proof of Theorem 1. Assume oO = Ind,,, 8, which is irreducible since B 
is admissible, has a real-valued character. Let E,, be the maximal unramified 
extension of F in E, and let 7,” = Ind,,EUn 6. By Lemma 1, if X1,, is not real- 
valued, then [E,, : F] must be even. 
Case X7,, not. real-valued and [E,, : F] even. Since TF/TEUn is cyclic, 
Lemmas 1 and 2 can be combined to say that there are intermediate 
extensions E, and E, between F and E,, such that 
(i) E,/E, is quadratic, 
(ii) the character of sb = Ind,,Eb 8 is not real-valued, while the 
character of 7, = Ind,,EB 8 is real-valued, 
(iii) $=zb, whererEo=rEburEbhl. 
From Theorem 2.2.2 in [M] (or Theorem 1.8 in [KZ]), it follows that there 
is an element h, in rEB such that (ril)hz = r, and Ohrh2 = 8. Let g = h, h,. g 
normalizes r, and BP = e. These two facts tell us that if E* is the stability 
field of (g, r,), then E/E, is quadratic and r, = r, U r, g. 
* 
Case Xzun real-valued. Let E, be an unramified extension of E,, such 
that E,E is a normal extension of E,,. (See Lemma 2.2.5 in [Ml). By 
Lemma 2.2.8 in [Ml, 0. NEIEIE is an admissible character of (E,E)” with 
respect to E,. When 19 . NEIEIE is viewed as a character of rEIE, it is the 
restriction to r,, of the character 13 viewed as a character of r,. The 
admissibility of 0. NEIEIE with respect to E, means 7,” 1 T’,( = 
*ndE,E,EI(~ I &El remains irreducible. Again by Lemma 1, if 6],, is not 
real-valued, then [E : E,,] = [E,E : E,] must be even. Consider first the 
subcase where BlrEIE is real-valued. Suppose [E : Eun] > 1. The admissibility 
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of 81rElE over E, along with the fact E,E/E, is totally ramified means the 
conductoral exponent. f&(0 . NEtEIE , ) is greater than 1. This and the oddness 
of p mean that 8 . NE,E,E cannot be real-valued, a contradiction. Suppose 
then that [E : E,,] = 1, i.e., E = E,,. The oddness of p tells us that f,(O) = 1. 
From this and the hypothesis that 19 is real-valued, and hence of order 2, we 
can conclude that 0 comes via a proper norm contradicting the admissibility 
of 8. Thus, we see a posteriori that the subcase t91EtE real-valued cannot 
occur when p is odd. It follows that 8],, must be non real-valued and that 
[E : E,,] is even. By Lemma 2.2.6 in [Ml, the lattice of subtields between 
E,, and E is isomorphic to the lattice of integers dividing [E : E,,]. This fact 
along with Lemma 1 and Lemma 2 can be used to say that there are inter- 
mediate subfields E, and E, between E,, and E satisfying the same 
properties (i), (ii), and (iii) as in the case XT,, is not real-valued. The exact 
same argument can now be used to get E*. This proves the first part of 
Theorem 1. A consequence of the fact eg = 0 is that r* = Ind,,E is an 
irreducible real-valued 2-dimensional representation. The question of Whether 
a, = Ind,,, t9 is orthogonal of symplectic can now be answered by appealing 
to Lemmas 3 and 4. 
Proof of Theorem 2. The proof is analogous to Theorem 1 and we shall 
keep the same notation. The oddness of n means that the representation t,, is 
real-valued. From this we can conclude that r,, ] rEl is real-valued and conse- 
quently, by Lemma 1, that O]rEE is real-valued. Since EEJE is unramitied, 
we must have 81 O; real-valued. F?nally, the fact that r,, is itself real-valued 
forces 8 to be real-valued on the prime element, and so 0 is real-valued. 
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